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Abstract In this paper a three degrees of freedom autoparametric system with limited power supply
is investigated numerically. The system consists of the body, which is hung on a spring and a damper,
and two pendulums connected by shape memory alloy (SMA) spring. Shape memory alloys have abil-
ity to change their material properties with temperature. A polynomial constitutive model is assumed
to describe the behavior of the SMA spring. The non-ideal source of power adds one degree of freedom,
so the system has four degrees of freedom. The equations of motion have been solved numerically and
pseudoelastic eﬀects associated with the martensitic phase transformation are studied. It is shown
that in this type system one mode of vibrations might excite or damp another mode, and that except
diﬀerent kinds of periodic vibrations there may also appear chaotic vibrations. For the identiﬁcation
of the responses of the system’s various techniques, including chaos techniques such as bifurcation
diagrams and time histories, power spectral densities, Poincare` maps and exponents of Lyapunov may
be used. c© 2012 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1204313]
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In autoparametric systems we can observe phe-
nomenon of vibration transfer between diﬀerent ele-
ments of system. Such systems are very sensitive for
changes of parameters. The subject of this work is an
investigation of dynamics of a three degrees of freedom
system with two connected shape memory alloy (SMA)
spring pendulums. The inﬂuence of spring with SMA
material for response all elements of autoparametric sys-
tem is investigated in this paper. SMA materials, be-
cause of their unique mechanical behaviour like shape
memory eﬀect, pseudoelastic eﬀect and temperature de-
pendent material properties show great advantages as
elements of advanced mechanical structures. The abil-
ity to change and then recover a large (apparently plas-
tic) strain is a result of a reversible martensite phase
transition due to the temperature or stress. The con-
cept of changing Young’s modulus based on the ability
of thermally driven SMA spring to alter its stiﬀness (in
the stress-free state) was used for the autoparametric
system modiﬁcation by Sado and Pietrzakowski.1 The
pseudoelastic behaviour is characterized by completing
strain recovery accompanied by large hysteresis in a
loading-unloading cycle. There are a lot of papers ded-
icated to the description of the SMA thermomechanical
behaviour, however, this is not a well established topic.
The polynomial constitutive model, which was proposed
by Falk2 and Miller,3 was used by Savi et al.4 to describe
the behaviour of the shape memory bars, or by Piccir-
illo et al.5 to describe nonideal system with SMA spring.
According to this approach pseudoelasticity of SMA is
described as a strain-temperature function with equi-
librium points representing stable material phases, i.e.
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austenite and martensite for high and low temperatures,
respectively, and detwinned martensite and austenite
for intermediate temperature. In the present paper the
one-dimensional polynomial constitutive equation is ap-
plied to describe pseudoelastic behaviour of the SMA
element in the autoparamrtric system. Partially this
problem was studied by Sado.6,7 Due to the model the
uniaxial stress σ is a ﬁfth degree polynomial of the strain
ε4
σ = a1(T − TM)ε− a2ε3 + a3ε5, (1)
where a1, a2, a3 are constants of the material, T is
temperature, TM is the temperature below which the
martensitic phase is stable. TA is the temperature above
which the austenite is stable. TA is writing by equation
TA = TM +
1
4
a22
a1a3
. (2)
The analysed isothermal state refers to a high tem-
parature (T > TA).
The investigated system is shown in Fig. 1. The
system consists of two coupled pendulums (connected
by SMA spring, of which vertical distance from the body
of mass m1 is h, intersection A, length L0 and elasticity
force S = σA) with the length of l and masses m2 and
m3 hangs down from the body of massm1 suspended by
an element characterized by linear elasticity of rigidity k
(the elasticity force S(y) = k1y) and viscous damping of
damping coeﬃcients c (the damping force R( ˙˙y) = c1 ˙˙y).
It is admitted that M2(ϕ˙2) = c3ϕ˙2.
The body of mass m1 is subjected to an excitation
by an electric motor with an unbalanced mass m0. It is
assumed that the DC motor is the non-ideal source of
power.8,9 The non-ideal source of power adds one degree
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of freedom, thus the system has four degrees of freedom.
As generalized coordinates are assumed the vertical dis-
placement y of the body of mass m1 measured from the
equilibrium position, the angles ϕ1 and ϕ2 of deﬂections
of the pendulums measured from the vertical line and
angle ϕ which describes the angular displacement of the
unbalanced mass m0 measured from the horizontal line.
Assuming that l1 = l2 = l the kinetic energy E and
the potential energy V of the system are
E =
1
2
(
I0 +m0r
2
)
ϕ˙2 +
1
2
(m1 +m2 +m3 +
m0)y˙
2 −m0ry˙ϕ˙ cosϕ+ 1
2
m2l
2ϕ˙21 −
m2y˙ϕ˙1l sinϕ1 +
1
2
m3l
2ϕ˙22 −m3y˙ϕ˙2l sinϕ2, (3)
V = m1g (y + ystat) +m2g [l − l cosϕ1 −
(y + ystat)] +m3g [l − l cosϕ2 −
(y + ystat)] +m0g [r sinϕ− (y + ystat)] +
1
2
k (y + ystat)
2
. (4)
A strain of SMA spring is
ε =
h(sinϕ1 − sinϕ2)
L0
. (5)
The equations of motion of the system derived as La-
grange equations take the following form
(m1 +m2 +m3 +m0) y¨ −m0rϕ¨ cosϕ+
m0rϕ˙
2 sinϕ−m2ϕ¨1l sinϕ1 −m3ϕ¨2l sinϕ2−
m2ϕ˙
2
1l cosϕ1 −m3ϕ˙22 cosϕ2 + k1y + c1y˙ = 0,
m2l
2ϕ¨1 −m2 y¨l sinϕ1 +m2gl sinϕ1+
a1A
L0
(T − TM)h2 (sinϕ1 − sinϕ2) cosϕ1−
a2A
L30
h4(sinϕ1 − sinϕ2)3 cosϕ1+
a3A
L50
h6(sinϕ1 − sinϕ2)5 cosϕ1 + c2ϕ˙1 = 0,
m3l
2ϕ¨2 −m3y¨l sinϕ2 +m3gl sinϕ2−
a1A
L0
(T − TM)h2 (sinϕ1 − sinϕ2) cosϕ2+
a2A
L30
h4(sinϕ1 − sinϕ2)3 cosϕ2+
a3A
L50
h6(sinϕ1 − sinϕ2)5 cosϕ2 + c3ϕ˙2 = 0,
(I0 +m0r
2)ϕ¨−m0ry¨ cosϕ+m0gr cosϕ =
L(ϕ˙)−H(ϕ˙),
(6)
where L(ϕ˙) is a driving force of DC motor and H(ϕ˙) is
a resistance force.
R↼y↽ S↼y↽ m0r
m1
y
h
m3
m2
l1
l2
S
ϕ1
ϕ2
M1
M2(ϕ1)
(ϕ2)
ϕ


Fig. 1. Schematic diagram of system.
The following dimensionless time and dimensionless
parameters are introduced
τ = ω0t, y¯ =
y
l
, d1 =
m1
m1 +m2 +m3
,
d2 =
m2
m1 +m2 +m3
, b1 =
a2
TMa1
,
b2 =
a3
TMa1
, ω20 =
a1A TM
m2L0
,
ω21 =
k
m1 +m2 +m3 +m0
,
ω22 =
g
l
, β1 =
ω1
ω0
, β2 =
ω2
ω0
,
d3 =
m0r
(m1 +m2 +m3 +m0)l
,
q =
m0rl
I +m0r2
, γ2 =
c2
m2l2ω0
,
γ1 =
c1
(m1 +m2 +m3 +m0)ω0
,
θ =
T
TM
′
, γ3 =
c3
m3l2ω0
, L¯0 =
L0
l
,
h¯ =
h
l
, G1(ϕ˙) =
L(ϕ˙)−H(ϕ˙)
(I +m0r2)ω20
. (7)
The characteristic curve of the DC motor is assumed to
be straight line G1(ϕ˙) = u1−u2ϕ˙, where the parameter
u1 is related to the voltage, and u2 is a constant pa-
rameter for each model of the motor considered.8 The
voltage is the control parameter of the problem. Us-
ing Eq. (7) the equations of motion in Eq. (6) can be
written in dimensionless form
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Fig. 2. Time history y, ϕ1 and ϕ2 (d1 = d2 = 0.33; d3 = 0.01; γ1 = γ2 = γ3 = 0; β1 = 0.8; β2 = 0.4; u1 = u2 = 1.5;
q = 0.2): (a) for time 0 < τ < 2 500 s and (b) for time 0 < τ < 500 s.
y¨ − d3ϕ¨ cosϕ+ d3ϕ˙2 sinϕ− d1ϕ¨1l sinϕ1 −
d2ϕ¨2 sinϕ2 − d1ϕ˙21 cosϕ1 − d2ϕ˙22 cosϕ2 +
β21y + γ1y˙ = 0,
ϕ¨1 − y¨ sinϕ1 + β22 sinϕ1 + (θ − 1)h2(sinϕ1 −
sinϕ2) cosϕ1 − b1 h
4
L20
(sinϕ1 − sinϕ2)3 · cosϕ1 +
b2
h6
L40
(sinϕ1 − sinϕ2)5 cosϕ1 +
γ2ϕ˙1 = 0,
ϕ¨2 − y¨ sinϕ2 + β22 sinϕ2 − (θ − 1)h2(sinϕ1 −
sinϕ2) cosϕ2 + b1
h4
L20
(sinϕ1 − sinϕ2)3 cosϕ2 +
b2
h6
L40
(sinϕ1 − sinϕ2)5 cosϕ2 + c3ϕ˙2 = 0,
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0.018
0.012
0.006
0
β1
y
Fig. 3. Internal resonance y for: ϕ1(0) = 5
◦ and d1 = d2 =
0.33; d3 = 0.01; γ1 = γ2 = γ3 = 0; β2 = 0.25; θ = 1.3.
ϕ¨− qy¨ cosϕ+ β22q cosϕ = G1(ϕ˙). (8)
Bars in Eq. (8) are omitted for convenience.
The equations of motion in dimensionless form
Eq. (8) have been solved numerically. Calculations have
been done for diﬀerent values of the system parameters
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Fig. 4. External resonance y, ϕ1 and ϕ2 for: d1 = d2 = 0.33; d3 = 0.01; γ1 = γ2 = γ3 = 0; β1 = 0.8; β2 = 0.4;
u2 = 1.5; q = 0.2.
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Fig. 5. Bifurcation diagram y, ϕ1, and ϕ2 for: d1 = d2 = 0.3; d3 = 0.001; γ1 = 0.001; γ2 = γ3 = 0; β1 = 0.8; β2 = 0.4;
u2 = 1.5; q = 0.2.
and for the following parameters of the engine: u1 =
0.05, u2 = 1.5. In all simulations we used the values of
SMA material properties (Cu-Zn-Al-Ni alloy at 373 K
used by Savi et al.4 and Piccirillo et al.5 These prop-
erties are: a1 = 523.39 MPa; a2 = 1.868 × 107 MPa;
a3 = 2.186 × 109 MPa; TM = 288 K; TA = 264.3 K.
The calculations incorporated the following initial con-
ditions: ϕ˙(0) = 1, ϕ1(0) = 0.005
◦. Exemplary results
of the energy transfer, for values of parameter θ = 1.3
when austenite phase is stable, for displacement y, ϕ1
and ϕ2 are presented in Fig. 2(a) for a longer interval
of time (τ = 2 500 s) and in Fig. 2(b) for a shorter in-
terval of time (τ = 500 s). We can observe from these
diagrams the phenomenon of the energy transfer be-
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Fig. 6. Bifurcation diagram ϕ for: d1 = d2 = 0.3; d3 = 0.001; γ1 = 0.001; γ2 = γ3 = 0; β1 = 0.8; β2 = 0.4; u2 = 1.5; q = 0.2.
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Fig. 7. (a) Poincare´ maps for y, ϕ1, ϕ2 and (b) exponets of Lyapunov for y, ϕ1, ϕ2 for: d1 = d2 = 0.3; d3 = 0.001;
γ1 = 0.001; γ2 = γ3 = 0; β1 = 0.8; β2 = 0.4; u1 = 1.2; u2 = 1.5; q = 0.2.
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tween body of mass m1 and the both pendula and also
the pseudoelastic eﬀect.
The two type of internal resonance versus β1 and
β2 were presented by Sado.
6,7 Exemplary results of the
internal resonance for y versus β1 and initial conditions
put on the ﬁrst pendulum are presented in Fig. 3. We
can observe three resonance frequencies (for β1 = 0.5,
β1 = 0.65 and β1 = 0.8). The external resonances for
all displacements are presented in Fig. 4.
Near the internal and external resonance the sys-
tem shows some interesting nonlinear phenomena. For
characterizing of the system responses are constructed:
bifurcation diagrams, Poincare´ maps and Lyapunov
exponents.10
Bifurcation diagrams are presented for y, ϕ1, and ϕ2
in Fig. 5(a) for longer interval of bifurcation parameter
(0.5 < u1 < 1.4) and in Fig. 5(b) for shorter interval
of bifurcation parameter (1.15 < u1 < 1.25). Bifurca-
tion diagrams for DC motor (parameter ϕ) for longer
and shorter intervals are shown in Fig. 6(a) and 6(b),
respectively. As we see from these bifurcation diagrams
the motion of all elements may be periodic, quasiperi-
odic and chaotic. We can observe several phenomena:
existence of a simple or a chaotic attractors and various
bifurcations.
All these phenomena have to be veriﬁed in the phase
space. So next Poincare´ maps and exponents of Lya-
punov for y, ϕ1, ϕ2 are constructed. Exemplary re-
sults for bifurcation parameter u1 = 1.2 are presented
in Fig. 7. As seen from these diagrams the Poincare´
maps trace the “strange attractors” and exponents of
Lyapunov are positive, so the responses for presented
parameters are chaotic.
This work is concerned with the problem of non-
linear dynamical motion of a non-ideal autoparametric
system with shape memory alloys (SMA) spring in the
neighborhood internal and external resonance. A poly-
nomial constitutive model was assumed to describe the
behavior of SMA spring and there was observed the
pseudoelastic eﬀect associated with martensitic phase
transformations.
1. D. Sado, and M. Pietrzakowski, Int. Journal of Non-Linear
Mechanics 45, 859 (2010).
2. F. Falk, Acta Metallurgica 28, 1773 (1980).
3. I. Muller, and H. Xu, Acta Metall. Mater. 39, 263 (1991).
4. M. A. Savi, P. M. C. L. Pacheco, and A. M. B. Braga, Int.
Journal of Non-Linear Mechanics 37, 1387 (2002).
5. V. Piccirillo, J. M. Balthazar, and Jr. Pontes, et al., On non-
linear response of a non-ideal vibrating system with shape
memory alloy (SMA), in: J. Awrejcewicz, P. Olejnik, and J.
Mrozowski, et al. eds. Proceeding of 9th Conference on Dy-
namical Systems – Theory and Applications, Poland, 2007.
6. D. Sado, The pseudoelastic eﬀect in autoparametric system
with SMA spring, in: J. Awrejcewicz, M-Kaz´micrczak, and P.
Olejnik, et al. eds. Proceeding of 10th Conference on Dynam-
ical Systems—Theory and Applications, Poland, 2009.
7. D. Sado, Machine Dynamics Research 34, 109 (2010).
8. V. O. Kononenko, Vibrating Systems with Limited Power
Supply (Illife Books, London, 1969).
9. D. Sado, and M. Kot, Mathematical Problem in Engineering
82691, 1 (2006).
10. W. Szemplun´ska-Stupnicka, Chaos, Bifurcations and Fractals
Around Us (World Scientiﬁc, London, 2003).
